In this paper we investigate the stability of the equilibrium solution of the νth order linear system of difference equations Δ ν a+ν−1 y (t) = Λy(t + ν − 1); t ∈ N a , a ∈ R, and Λ ∈ R p×p , subject to the initial condition
Introduction
There is a voluminous literature on integer-and fractional-order differential equations. See, for instance, [2] - [6] , [17] , [19] and the book by Podlubny [20] . On the other hand, while there is a sizeable number of textbooks on integer-order difference equations such as [1, 14, 18] , fractionalorder difference equations are still in their infancy and seem recently to attract widely the attention of the researchers. Furthermore, as we shall see in Section 3, fractional-order difference equations can be used to model c 2013 Diogenes Co., Sofia pp. 613-629 , DOI: 10.2478/s13540-013-0039-2 hereditary systems; i.e., dynamical systems in which the future state depends on the full history of the system states.
Let p be a positive integer, ν be a positive real number, D be a subset of real numbers, and where ν is a positive real number, m = ν , the ceiling of ν, and a k ∈ D k .
In the next Section 2 we present definitions and recall/develop a few preliminary results that will be utilized in subsequent sections. Our main results will be presented in Section 3 and supporting numerical examples are given in Section 4. We conclude our paper in Section 5, where we discuss and portray directions for future research.
Preliminaries
The following definition is standard ( [7] - [12] , [16] ) and is the basis for defining differences of fractional order. Definition 2.1. Let a ∈ R and {y(t)} t∈Na be a sequence of real vectors. Further, suppose ν is a positive real number. Then 
In particular, The following result was established in [8] and [16, pp. 23-28] . However, the approach we follow here is different.
where t n = a + μ + ν + n. 2 Following the same lines of reasoning, we derive a formula for the fractional sum of y(t) = (1 + γ) t−a ; t ∈ N a+ν , a, γ ∈ R and ν > 0.
By Eq. (2.3),
.
As can be seen, the approach followed above is general and can be employed to derive a compact form for fractional sum. Indeed, we have Theorem 2.1. If a ∈ R and ν > 0, then
is the generating function defined by
Next, following [7, 11, 12] , we define a Caputo-like fractional difference operator. Although a Riemann-Liouville-like definition is possible (see, for instance, [9, 13, 16] ), we choose to define fractional differences in the Caputo sense because the constants will have zero fractional difference, among other properties. Indeed, the two definitions are related [7, Definition 6 and
Definition 2.2. Let a ∈ R and {y(t)} t∈Na be a sequence of real vectors. Further, suppose ν is a positive real number. The νth order fractional difference of y in Caputo's sense is defined by
where m − 1 < ν ≤ m, and Δ m is the whole-order difference operator defined by
For the sake of illustration, we present two examples. The fist is straight forward and its proof will be omitted. More generally,
2 The following two results were established in [8] and [16, pp. 28-29] , and in [9] and [16, pp. 33-35] , respectively. Both results play an important role in the sequel. 
Using the aforementioned theorems, we have:
Thus, we have established a modified version (a ∈ R) of Theorem 8, from [7] .
Theorem 2.4. Suppose y is defined on N a with "a" a real number. Then, for ν > 0, non-integer and m = ν ,
Main Results
In a recent paper [11] , Chen established several sufficient conditions for the attractivity/asymptotic stability of nonlinear difference systems of fractional order. However, while it is a mission next-to-impossible to establish necessary and sufficient conditions for general nonlinear systems, investigating the asymptotic behavior of nonlinear autonomous systems begins by linearizing about an equilibrium solution. As such, we focus our attention on the asymptotic stability of linear systems of difference equations of fractional order.
To this end, by Theorem 2.4, the solution of Equation (1.1) is given by
Thus, for t = a + ν + n, n = 0, 1, 2, ..., Eq. (3.1) simplifies to
Observe that Eq. (3.2) gives the solution iteratively. As such, y can be determined for any n as long as the previous values remain in the domain of F. Furthermore, when 0 < ν ≤ 1 and F(x) = Λx, Eq. (3.2) reduces to
for n = −1, 0, 2, · · · . Here, the kernel B(n − s), is given by
Notice that Eq. (3.2) is a nonhomogeneous Volterra difference equation of the convolution type. Moreover, the aforementioned equation will be used heavily in the sequel.
Scalar fractional-order difference equations
In this section, we focus our attention on the scalar case. With this in mind, let y(a + ν + s − 1) = y s−1 . Then, with Λ = λ, a scalar; Eq. (3.2) simplifies to 0, 2, .... (3.3) Furthermore, by critically examining Eq. 
Since s k=1 (ν + k)/s! is monotonic increasing; by the limit comparison test, the desired result follows. 2
Remark 3.1. It is worth mentioning that
The above identity can be established by the principle of mathematical induction.
Hence, from now and on, we assume that λ < 0. To this end, let y(z) = Z ({y n }) be the unilateral z-transform of the sequence, {y n }. Theñ
Solving forỹ yields
That says
where C, see Figure 3 .1, is any positively-oriented simple-closed contour in the analyticity region ofỹ that encircles all singular points ofỹ(z). With that in mind, we consider the contour C ρ , depicted in Figure 3 .3 below. The inner circles are of radius ρ which we take it small enough so that all isolated singularities ofỹ are inside the C ρ .
Since the line integrals of z n−1ỹ (z) over the inner circles in Figure 3 .3 tend to zero as ρ tends to zero, we have Finally, we arrive at the following capstone result. That says,
In view of the above argument, there are finitely many poles inside C ρ and the residue of each is finite. Hence the result. 
Systems of fractional-order difference equations
Following the same lines of reasoning employed in Subsection 3.1 and applying the z-transform to Eq. (3.2), one obtains
Re-arranging the terms and solving forỹ(z), one gets
where I p is the identity matrix of order p.
Hence, analogously to Theorem 3.1, we formulate the following fundamental result. 
Conclusions
In this paper, we investigated the stability of the equilibrium solution of system of linear fractional-order difference equations of order ν, where 0 < ν ≤ 1. To achieve this target, the well-known unilateral z−transform was successfully employed. Theorems which entail tractable necessary and sufficient conditions for the stability of the equilibrium solution were established. In addition, numerical examples that further support the established results were presented.
It is our hope that the results established here will ignite further interest in investigating the asymptotic behavior of (non-autonomous) linear and nonlinear difference equations of fractional order. Furthermore, while approaching fractional-order difference equations quantitatively has merit, we advocate qualitative analysis in studying the long term behavior of the solutions of such equations.
